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We solve certain optimal control problems for the motion of a single-frequency
oscillatory system which in the unperturbed state consists of an arbitrary number
of oscillating elements, The solution is performed in the first approximation

with respect to a small parameter ¢ . We assume that the frequency depends
upon slow time, while the control goes only into the perturbing terms, so that the
system is formally weakly controllable [1], But since the time interval over which
the process evolves is a quantity ~1/g, all the controlled quantities are able to
vary substantially [2, 3],i.e. we investigate the case, interesting in practice, of
small but protracted control forces. As mechanical examples we calculate some
optimal control problems for the oscillations of systems of the plane oscillator

type, etc,

1, Statement of the optimal control problems and the construc~
tion of the averaged boundary-value problems of the maximum
principle. We consider a quasilinear mechanical system of the form

pEyr” 4+ k@r =¢ (v, r,r,u) + F (1) (1.1)

r{te) =ro,r (fo) =ro

decomposing into n oscillating elements when & — 0, Here r = (z;,..., 2,) and

" =dr [ dt are generalized coordinates, ¢ > fo is time, v = ez + const is "slow
time", e & [0, eo] is a small parameter, & > 0, u = (u, ..., Uy,) is the control
vector, u & U, U is some fixed convex set, fo, ro, ro are the initial data, The
matrix-valued functions . ,the "mass”,and k , the "rigidity factor", are assumed diago-
nal and strictly positive, All the functions are taken to be sufficiently smooth in the ar-
gument ranges being examined,

Formally system (1.1) is weakly controllable [1] since when & = O there is no con-

trol p (" 4+ k(t)r =F (1), T =-const 1.2)

Using the solution of system (1.2) we reduce (1. 1) to a standard form, more convenient
for investigation, by means of the relations

r=asiny + beosy + AF, 1 =wv (acosy — bsiny) (1.9

! .
VEe=ptl, o= Sv (7)) dty
to

Here q and b are new (slow) variables, v2 is a diagonal matrix of the squares of the
natural frequencies, while an expression such as a sin ¢ is a vector of the form
(a, sin ¢y, ..., ay sin P,). By differentiating the relations (1.3), by virtue of the pertur-
bed system (1.1),we obtain
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a =evipTlf cosp — evv’ (a cos P — b sin ) cos P — (1.4)
e (k7F) siny = ed
b'1= —ev7luY sinp + ev ' (a cos P — b sin ) sinPp —
g (k™1F)’cos ¢y = eB
Y =v (1), ¥() =0
(@ (o) =v1[v(r— k1F)siny + r cos pl, = ao, b () =
v1[v (r — k71F) cos p — 7" sin$l;,, = bo)
Here the prime denotes the derivative with respect to 7. In coordinate notation, for
example, the first term of the upper equation has the form

Vi~ 7Y (v, g sing; + by cos gy + k7IFy, vt (ay cos vy —
bj sin wi)’ul) Cos ‘pi (i,17=1,2, ..., n)

The right-hand side of system (1. 4) is a complex multi-frequency function; the appli-
cation of averaging methods to it leads to considerable difficulties evoked by resonances
[4, 5]. Optimal control problems for an analogous system with v = coust were exa-
mined in [6]. For systems with variable frequencies the assumptions of absence or pre-
sence of resonance properties are rather artificial. Therefore, below we investigate sys-
tem (1. 4) under the condition that all the v; (T) coincide, namely, a single- frequency
system, Then the right-hand side of (1. 4) is periodic in \ with period 2n. Certain spe-
cific mechanical problems of control that is optimum in the sense of various criteria

of control by slow variables a and b for the single frequency systems are solved with
application of the conical averaging method developed in [2, 3]. Here it is natural to
assume that the functional and the terminal manifold do not depend strongly on time ¢
or phase .

We proceed to stating the optimal control problems for system (1.4) and to a brief
formulation of the results of applying the averaging method. Let the performance index
be 9

J=g(ab)+e{G( a b ¢ udt—min (1.5)
to uesU
Here O = T (T ~ 1/ &) is a specified quantity for problems with a fixed process
termination instant and 6 = #; is an unknown quantity subject to determination for
the time-optimal problem. Then, instant #; is chosen from the condition

M(tab|,=0 M=(WM,,.. M), L<2n (1.6)
Suppose that the problems posed have solutions, Then the optimal control and trajec-
tory satisfy the maximum principle [7]
H*=[—eG +e(pA) +e(gB) + pI* = max H, t=[t, 0] (1.7
ue
Here H is the Hamilton function, the asterisk signifies that the functions are taken for
= u* (¢) ,namely, the optimal control, and for the solution of system (1.4), corre~
sponding to it, while the parenthesesdenote the scalar product. The variables p, g and
Py adjoint to g, b and P ,respectively, satisfy the system
p = —e(Bh/0a)*, q = —s&(0h/0b)*, py = —ec(@h/P)* (1.8)
H =¢eh 4 vpy



Optimal control of the motion of an oscillatory system 959

and certain boundary conditions, For problems with fixed § = T

p (1) = —(3/ da)r, g(T) =—(3g/d)r, pu(T) =0 (19
For the time optimal problem

i} il
pt)=—5-(+ QM) q(t)=— (8 +AM), pu(ty)=0 (1.10)
Here A = (Ay, ..., Ar) is a parameter eliminated during the solving process, The equa-

lity H* |t:=8<z,—g+(7v %))t, (1.11)

closes the system of boundary conditions.
If the maximum of H is achieved inside set [J,and H is continuously differentiable

in ui7then 6H |/ aui = 0, i=1,....m (1.12)

These relations can be looked upon as equations relative to an unknown vector u. Thus,
suppose that the control vector
u* =V (Ta a, b, ¥, D, q) (1.13)

has been found from condition (1.7) or, in particular, from Egs. (1.12) and is a smooth

function periodic in . Substituting it into Eqs. (1.4) and (1. 8), we obtain a boundary-
value problem described by a standard system with rotating phase and a periodic right-
hand side,

Let us write out the first-approximation boundary-value problems, using the procedures
developed in [2,3]. The corresponding equations do not contain the fast variable in the
right-hand side and can be written in the slow time s = g¢

% = Ao (T’ a, Bv gv TI), “(so) = Qo % = %(Tv o, B’ E, TI) (1.14)

";—E=Bo(r,¢,3,§,ﬂ), B (so) = bo; %:-%(r,a,ﬁ,&n)

Here a, B, £ and n are the averaged values of the variables a, b, p and ¢ , respec-
tively, The independent variable s varies on an interval of the order of unity: s &
[0, o], where so = elo, while ¢ = eI = § or 0 = ef;, = &;. The right-hand side of
system (1, 14) is constructed by the averaged Hamiltonian ko °
an
ko(v, o, B, & ) = -15 S h* (v, &, B, ¥, & 1) dp = h*> (1.19)
o
h* (v, a, 5,%,p,9) = (A (v, 6, 5,9, V)) + (¢B (v, a, b, ¥, V) —
G(v,a,b9,7)

We note that the identities

oh dh* dh | _ B8R _ [ 8A\* 3B\*
717v=_87=A’ sl = =\Pa) T\9% (1.16)
oh | A oh | __ 8h* _ _qﬁ)* ( a_B)=-
=3 =8 Wk—b‘P% T\9%

are used here, From (1,16) follow
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Here and in (1., 14) we have introduced the notation

{g:} (v, o, 8,8 n)= —21; 281: {g} (v, & B, 9, V) dp (1.18)

0

The boundary conditions for the fixed-time problem are

E(S) =—08 (v, a,B)/0a)s, n(S) =—(9 (v, a, B)/ P)s (1.19)
In the time-optimal problem the boundary conditions (1. 19) are written analogously

Es) = — (@ + (M M) =— 35 €+ M) (1.20)

g=g(map), M=M(taf

and analogously for (1.11)
_fosg oM
holo =[5+ (2 57 )], (1.2)

Thus, the uniquely derived solutions of the approximate boundary value problems provide
an approximate solution for the input boundary value problems with an & error and, also,
for optimum control problems with an & error with respect to the slow variables, while
for the functional the error in the determination of the instant ¢ is of the order of unity.
The justification of the averaging method for smooth right-hand sides is contained in
[4, 5]. However, in the case of a closed set U with a right-hand side of system (1. 4),
linear in %, which often holds in practice [8], the maximum of Hamiltonian (1.7) is
achieved, as a rule, on the boundary of set U, i.e. the function V in (1.13) is piece-
wise-continuous and the number of discontinuities of the first kind in the right-hand
side of the averaged system is of the order of [1/e]. To justify the averaging method in
this case we can apply the results of [6] wherein standard systems with discontinuous
right-hand sides are investigated. We note that higher approximations can be constructed
with the aid of the canonic averaging method developed in [2, 3].

2, Approximate solution of certain concrete optimal control
problems. Everywhere below let function f be linear in u and letm = n,i.e.
f = fo (%, r, r") + u. Let us first consider the problem of minimizing a quadratic
functional of the form (1, 5) with a specified instant 7. Let G = u? = Zu?, setU
be unbounded, while g =xE, E =mr*/2 4+ k(r— k7'F)? /2 =k (a® +-
b?) / 2. The quantity E has the sense of the energy of the oscillations; expressions of
type mr'? are scalars mr? = r'Tmr’ = myr? 4+ .. 4 ma %

By (1.12) and (1.13) we find: u* = (v7Ip~!/ 2)(p cos P — ¢ sin ). Let us now
compute the average value of Hamiltonian (1.15) determining the averaged system of

SO g = (VIR (B 1) /8 — vV (0 + B) /2 + T (e — o)

Here we have denoted
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2n
{;oc}(r, a, B) = —2-13—‘- S fo(T, asiny 4 Bcosy 4 k71F,

v (o cos P — Bsm\p)){ n::j}dﬂ;

Let a small viscous friction — &yr’ act on system (1.1) (y (T) is a diagonal matrix
with positive elements), Then f,. = —ya /2, and fo, = yB /2. As a result we
obtain a boundary-value problem with separable variables admitting an explicit inte-
gration, We write the solution using index notation

G- o ()
s o s

o= oem(jrw). scms

A =vW /24w L) ='W /2, v=s+const (2.2)
S 8
{5‘ } (S) = — ks (S) [1 1k, (S) S T, (s) exp (2 § Aids'> ds]" X

RIS

Here

i0

The expressions (2. 1) and (2. 2) obtained yield an approximate solution of the optimal

control problem with an error of order & for the time interval ¢ & [0, T1, where

T ~ 1/ e. We note that the value of £ can be made as small as desired by increasing

the constant % > 0 ; here the magnitude of the functional remains finite. Usingthese

formulas we can obtain also an approximate optimal solution of the problem of *buildup’,

i.e, of increasing the energy of the oscillations, which corresponds to the case of % << 0.
Let us now consider the time-~optimal problem with respect to energy

ty
Ely=Fy, J=yeti+e\utdt—min (E,x>0)
te

without constraints on the control. Suppose that assumptions analogous to the preceding
example are fulfilled. Then the approximate optimal control has the form u* =
vIp~t (E cosyp — n sin) / 2 + O (e), where § and 1} are computed from formu-
las (2. 1) and (2. 2) in which the parameters % and ¢ are roots of the equations

n

4 Sk (e)aio* + bish exp (— §A.ak) [+ k(@) Tue)

exp (2 S Adsy) ds|" = Ey
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n i 1 ;oo 7{ k ’
Z [Sw*’y.iz + %k, (9) (%\7 + T{;) - x},_is} #? (ay0® + byo?) &2

=1

exp (-— 2 S Aids) [1 -+ %k; (o) § T; (s)exp (2 SsAids,) ds]a =y

If the system parameters are the same and constant, i, e. there is no dependence on 1,
then the problem admits of an explicit solution [3].

Suppose now that there are constraints on the control of the form | u; | <C Uy (i =
1, ..., n). From the maximum condition on the Hamiltonian (1.7) we obtain u;* =
Uy sign (py cos P — g; sin 1p). Averaging over ¥ leads to the following expression
for ko n

5 D VETF R — v (o -+ B) + v e — Wo)
1—1 “
Under the condition v == counst and fp = 0 we can obtain solutions for the fixed-
time and the time-optimal problems since &, 1 = const, while @; and P; are piece-
wise-linear functions, The solution becomes complicated if there are singular controls,
However, even in these situations the averaging method substantially simplifies the in-
vestigation of the optimal control problem,

8. Solution of the problem for a plane oscillator in polar co-
ordinates, In certain problems it may be convenient to consider the equations of
motion in a non-Cartesian coordinate system, For example, in the three-dimensional
case (a spatial oscillator) the controls can be directed along the unit vectors of a sphe-
rical coordinate system, u = (u,, Us, Uy) or the perturbing forces are simply described
in spherical coordinates. Let us write out the corresponding equations of motion:

mr” + kr — mr@?— mro™ sin® 0 = eu, + ef,

o< n<rnp<o

mr0” + 2mr'6" — mrg@sin 0cos 8 =euy -+ efy, 0O
mr sin 89" + 2mre’8 cos 0 4 2mr'e’ sin 8 = eu, + efy

0< o< 2n

To illustrate the arguments presented we investigate the plane problem (0 ~ n / 2).
The equations of motion of a plane oscillator in polar coordinates (r, ¢} under the con-
trol su = (U, 8U,) are

r=u, 7 (o) =ro (3.1)
v =vt/r—krlm+eu./m + 83/ m, v, (te) = vy
Q =v/r, @ (t0) = @o
v = —vvp/ 1+ 8ue/ m, v (o) = vs0

Here r is the distance to a fixed center, k is the rigidity factor of the restoring force,
edr® is a nonlinear perturbation of the restoring force, m is the mass, £u, and B,
are the radial and transversal components of the control vector. ©On the right in (3. 1)
we have given the corresponding initial conditions. For the sake of simplicity we as-
sume that the problem’s parameters are constant,
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We reduce system (3. 1) to the standard form with rotating phase {2, 3]. To do this
we make use of the general solution of the unperturbed system, having taken the follow-
ing set of integrals of motion:

1) m@2+ o) /2+k2/2=E>0, 2) mv,=M, 3)r*=Ezlk

4) tp=7+arctg%zx+arctg[w+]/1-—w’><

tg (\b - aretg —_”Vi_tiﬂW‘ )]
Here
z=1-+wsin2y, w=[1— (vM/E)}?]
Y=v(E—to)+Yo, vP=k/m, E(l—-—w/k<P<EA+wlk

The quantities E, M (w), %o and vy are constants of integration. We note that instead
of relations (3) or (4) we can take the equivalent: 3= M?/mE [1{ — wsin 2 (p —
v)]. Formulas (3) and (4) yield explicit expressions for » (¢) and @ (#). The velocities
corresponding to them are

r"=v,(t)=wVE[mzcos 2y, V() =19 =M |mr =(M /m)VEk]Ez

By differentiating integrals (1) —(4) by virtue of the perturbed system (3. 1), we obtain
the required system of equations and initial values

E =ev, (u, + 6r°) 4 evguy, E (o) = Eo (3.2)
M = erug, M () = Mo

. V1 M _

Y =— 2~ cosp (cos Y + wsiny) "“‘-7 » Yt} ="
¢'=v—s“’+;fﬂ"<u,+6r*) oty b (t) =¥

Here v is a constant frequency; the initial conditions for the new variables are given
in accord with (1)—(4)

2Eo = m(v,o’ + vw’) + kro’, Mo = MTolgyy Wy = v 1 -—-(‘VMQI E°)$ (3.9)
~ tg P -+ wo
sin 2¢° = (kry? — Eo) [ w = (g — ArCLEY —rm——
in 2¢° = (Aro o)/ Wo,  To= Qo 8 YT
¥° and Yo are determined to within /Nn (/V is an integer). We note further, that the
right-hand side of system (3. 2) is periodic in ¢ with period fT, while the quantity w
varies in accord with the equation

o= () (5 )

In the investigations to be carried out we assume that the variable w lies within the
limits; w & [wy, w,], where w; > 0, w, < 1, i.e. the motion-is a nondegenerate
ellipse if at each instant ¢ we set & equal to zero. Obviously, one of the first twoequa-
tions in (3. 2) can be replaced by Eq, (3.4) with the corresponding initial condition from
(3.3). We note also that the right-hand side of system (3. 2) is independent of Y.
Therefore, if the functions u,and uyare independent of v, the equation for y can be
integrated separately, while the corresponding adjoint variable is retained.
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We now pose the following "time-optimal with respect to energy" problem: transfer
a system into a state with energy E) at a certain nonfixed instant ¢, in such a way that
a functional of type (1. 5)

ty

T =elt; + e (2 + ug?) dt (3.5)
0

is minimized, Here / >> 0 is a given number. The remaining variables are assumed
to be free at the right end. We write out the Hamiltonian (1. 7)

H =—el—e(@u®+u?)+e (PEVr + DPofer + gfen)u, +
& (PEVs + pMT + Pyfro + Gfee) Uo + vg + epedriv,

Here pg, pm, py and g are the corresponding adjoint variables, while the functions
Frrs fros for and f4o are the coefficients of u, and U, in the third and fourth equa-
tions (3. 2), whose forms are immaterial for the present. From the condition (1.12) on
H of maximum over 1 we obtain

u* = %(pgv,. + Dyvfor + afur) (aT = O) (3.6)

Up* = —(pva + pur + ISY/YP + 9fw) (365‘[“ = )
L 4
We note the obvious properties of the resulting boundary-value problem, Since the
function H* is independent of 7, then p,’ — (, while as a result of the zero boundary
condition we obtain that p, == (), Further, from the form of the right-hand side of the
equation for ¢ -and from the zero boundary condition follows that ¢ = O (g),. i.e. we
can neglect the quantity gin the first approxirmtion being examined [2, 3]. Thus,
averaging over ¢ we obtain

homhy= — 1+ The & LAl .2

since £
AR —E*—(i — —2— v), I =1 W= -,';L,—V. (o) = %

Here E, me and p, u are the averaged values of the variables E, pg and M, pu
respectively, while the angle brackets signify averaging over ¢ (see (1.15) and (1.18)).
The averaged equations for E, yjg, n, nm are written in canonic form with the aid of
the function 4e. The solution of the boundary-value problem is

(s, 81) = [VE, — j— (VE,— VE__ll]z (3.7)
B s) =M, £ [1+ 2zt (YE )|

w= (VB ) [ 5 (V E 1)

ne=0, .s;=c¢l

An expression for 8, is obtained by equating the quantity %o to zero; as a result

s=2) T |VE—VE| 2.9

According to (3. 6) the approximate optimal control is
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Up* = 1'-’?-(2-’-'—31) @ (s, $) 1/%'—})- cos2y/ Y 1T+ esin 2y (3.9

. ng ) STk |y
Ug* = —go—B(s ) | ooy | V1T osin2y

Y=—s+A0(s) + 9"+ 0(e), o= V1T —(w/E}
After £ yg and W, vy have been found, expressions for the mean values of variables
¥ and 1 are obtained by quadrature. The approximate value of the slope angle o of
the control vector u to the transversal is computed from (3, 9)

tgo=u.e*/uy* = ﬂs;p—”()é—g)’—sl)- cos 2¢
As a result, expressions (3. 7)—(3. 9) yield the approximate solution of the optimal con-
trol problem (3. 2),(3. 5) with the control process termination condition E (t,) = E,.
Of course, this solution brings in an error of order & in the slow variables and in the
functional, while the process termination instant ¢, — s, / &6 ~ 4 / ¢ is determined
with error O (1). It is interesting to note that the values of £ and W do not depend
explicitly on the rigidity k; they are also independent of §, i.e. the nonlinear supple-
ment of the restoring force. The change in frequency at the expense of this component
equals —38 (E)/(4mkv) which corresponds to the one-dimensional case [2].

We note also that if w — 1 (w << 1) .i.e. oscillations along a straight line, or
w— 0 (w > 0) ,i.e. motion along a circle, then Eqs. (3. 2) are degenerate and re-
quire additional investigation. In this case we can analyze the system's motion in a
Cartesian coordinate system (see (1. 1)) or in any other system, for example, in the sys-
tem (a, b, P) (see Sects. 1 and 2), in which the equations of motion do not degenerate,
In the Cartesian coordinate system the problem being examined is described, wheén § =
0, by a linear system of eight differential equations, and with the quadratic process
termination condition [(m / 2)r? + (k / 2)r®];, = E, for a specified value of ¢
can, in principle, be analytically solved exactly. However, for the determination of the
control process termination instant #;, we obtain a transcendental equation of type
(1.11), admitting of an infinite set of roots as & — 0 ,among which it is necessary to
choose the best in the sense of the criterion being analyzed. Since the resulting expres-
sions are exceedingly cumbersome even for the one-dimensional case, the advantage
of applying the averaging method for the investigation of the multi-dimensional sys-
tems is obvious [2, 3].

Let us now consider the problem of “ pure time-optimality". Let | &, | < U, and
| 4o | <X Uoos and let the control process termination condition be E () = E,,
while the remaihing phase variables are considered free at the right end. By computing,
as before, the Hamiltonian (1. 7) and retaining the same notation, from the condition
of maximum of H over u we obtain

U:* = uyg 8ign (pEvr + Pyfyr + gfer) = sign ki,
Uo* = Uqo Sign (PEVe + pMF + Pyfve + Gfee) == sign ke

The system of equations and the boundary conditions for the adjoint variables have the
form (1.8), where h* = | k.| + |hol, R* (8) =0, g (¢) = —eh* / v. In the first
approximation the required slow variables are described by a canonic system of type
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(1.14) with a Hamiltonian ko = uy, [ng] <l12-[> + uee {| NEve + nur [>. From
the equations we see that the best result is achieved under the condition sign ng =
sign (Ngve 1 Mur)= sign (E,— E,). We then obtain the Cauchy problem

dt /ds = (Uro | 2r |> + Ueo {p)) sign (B — Eo), t (0) = Eo

du /ds = ue <r)sign (E, — Eo), B (0) = M,
and the condition § (s,) = E, determining s, uniquely. Now the required solution
can be obtained by simple computational means,

In conclusion, we consider the case of variables m (%) and % (v) (8§ = 0) and of
constraints on the control of the form u,? - u,? < uo?. Let ep, (T)u, and eu, (t)uy,
be the controls, where i, and p, are specified functions. As a result of applying the
procedures in Sect.1 we obtain

Uz = uo (he / R)(Ily cos p — II, sin ) + O (e)
uy = uo (uy / R)(II; cosp — I, sin ) + O (e)
R? = p,* (Il cos p — II, sin ) + p,? (II, cos  — II4 sin p)*
I (v) =1I (0)[m (x)v (%) / m (6)v (o))"
(I (<) is the averaged adjoint vector). The comesponding averaged phase vector is
E(T) =& [ ”’L'l(:‘:; r’((:;) ] + Vm l(‘:) v(T) 'S. agrllb Vm (i:)v (')
& = (a0, by, co, do)
an — —_—
R My =1 | R T, 9y =%{ VEE(VE—ald), b>
(] VaE(V(a——B)/a), a>?‘
a=(A4C)/2+[(A—CP/4+ B, B=A+C—a
4= l"at:znb2 + l"uzndz’ B=— (l‘lxananb + p,qucHd), C= l"x2H12 + l"u’Hc2

Here E is the elliptic integral of the second kind, while the vector II (0) is determined
from the final expressions, namely, the transversality conditions at the right end.
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SMALL-PARAMETER METHOD FOR CONSTRUCTING APPROXIMATE STRATEGIES
IN A CLASS OF DIFFERENTIAL GAMES

PMM Vol. 39, N2 6, 1975, pp.1006-1016
A.S.BRATUS'
(Moscow)
(Received November 12, 1974)

We examine a class of problems in which the pay-off is some function of the
terminal state of a conflict-controlled system, When the opportunities of one
of the players are small in relation with the opportunities of the other, we pro-
pose methods for constructing approximate optimal strategies of the players,
based on solving the Bellman equation containing a small parameter. We have
shown that the players' approximate optimal strategies can be constructed if the
solutions of the corresponding optimal control problems are known. The error
bounds for the methods are proved and examples are considered. The arguments
used rely on the results in [1—6] on the theory of differential games and on
[7—11] devoted to optimal control synthesis methods for systems subject to ran-
dom perturbations of small intensity.

1, Statement of the problem, Let the motion of a conflict-controlled
system be described by the nonlinear equation
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Here x is an n-dimensional vector, & and » are r-dimensional control vectors of the
first and second players, respectively, P and (J, are closed bounded sets, F is a con-
tinuous function satisfying a Lipschitz condition in z and 2. The pay-offisthe quantity
f z(T)] determined at the terminal instant #=T'in the position x (7') realized. The
first player tries to minimize f [z (7)] under the most unfavorable behavior of the
second player, The second player's task is to guarantee the game's completion with
the largest possible value of the pay-off. We assume that the opportunities of one of
the players are small in comparison with the opportunities of the other. Namely, we
assume that the set Q. can be contained within an r-dimensional sphere of radius e
small in relation to the minimal radius of the sphere which can contain set P.we



